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The late-time cosmological dynamics of disformal gravity are investigated using dynamical systems
methods. It is shown that in the general case there are no stable attractors that screen fifth-forces
locally and simultaneously describe a dark energy dominated universe. Viable scenarios have late-
time properties that are independent of the disformal parameters and are identical to the equivalent
conformal quintessence model. Our analysis reveals that configurations where the Jordan frame
metric becomes singular are only reached in the infinite future, thus explaining the natural pathology
resistance observed numerically by several previous works. The viability of models where this can
happen is discussed in terms of both the cosmological dynamics and local phenomena. We identify a
special parameter tuning such that there is a new fixed point that can match the presently observed
dark energy density and equation of state. This model is unviable when the scalar couples to
the visible sector but may provide a good candidate model for theories where only dark matter is
disformally coupled.
I. INTRODUCTION
The observation of the acceleration of the cosmic ex-
pansion [1, 2] has prompted a renewed interest in modi-
fied theories of gravity as a potential driving mechanism.
Amongst the plethora of candidate theories (see [3] for
a review), those that contain screening mechanisms (see
[4] for a review) have been particularly well-studied due
to their ability to hide the additional or fifth- forces on
solar system scales. Well-studied non-linear screening
mechanisms—meaning that the local dynamics act to
suppress fifth-forces—include the chameleon mechanism
[5, 6] and similar [7, 8] as well as the Vainshtein mech-
anism [9]. These theories can be described by a confor-
mal coupling of a scalar to matter through the metric[10].
Theories that contain a disformal coupling to matter have
been studied in the context of dark matter and dark en-
ergy [11–20] (see also [21] for an application to inflation)
but unlike chameleons, which have been well studied and
constrained on small scales [22–27], the local behaviour
of disformal theories has been relatively unstudied (al-
though see [28, 29] for tests of TeVeS and a model that
satisfies the Cassini bound on light bending by the Sun).
Recently, [20] has performed a thorough investigation
into the local dynamics of the scalar. Non-relativistic ob-
jects inside a Friedmann-Robertson-Walker (FRW) uni-
verse will source a field profile such that the fifth-force
is F5 = 2Q
2FN—FN is the Newtonian force—where the
local scalar charge Q depends on the conformal coupling,
the disformal parameters and the first and second time-
derivatives of the cosmological field. There, it was ar-
gued that there are no non-linear screening mechanisms
beyond those mentioned above. It was shown, however,
that when the conformal coupling is absent[30] these the-
ories screen linearly—by which we mean the local scalar
charge is suppressed on all scales through the cosmo-
logical dynamics and not the local ones—whenever the
cosmological dynamics are such that the field is slowly
rolling.
The aim of this work is to investigate more general
models where the conformal factor is non-zero and see
whether one can find models that can drive the cosmic ac-
celeration at late times whilst simultaneously suppressing
the local scalar charge. We will do this using dynamical
systems techniques. These are powerful tools to classify
the late-time behaviour of non-linear systems despite the
lack of analytic solutions. Their power lies in their abil-
ity to classify all solutions of the system in terms of a
few fixed points independently of the initial conditions.
Without them, one would be reduced to solving the prob-
lem numerically for all possible parameters and initial
conditions, a problem that is clearly intractable. Since
the relevant cosmological parameters have well-defined
values at these points, one can know the final state the
universe will evolve to. Dynamical systems methods have
previously been used in the study of dark energy models
in the form of quintessence [31] and conformally coupled
theories [32, 33] (see [34] for a review). There, they find
dark energy dominated solutions by looking for points
where the density parameter and equation of state is close
to the observed values [35]. Here, we will do the same for
the disformal system, examining the local scalar charge
as well in order to classify the linear screening. Unlike
the simple cases mentioned above, the disformal system
requires use of the centre manifold technique, which is
necessary whenever different directions in phase space
evolve on different time-scales. Interestingly, we will see
that some of the attractors of the conformal system are
saddle points of the disformal system and the evolution
can be very different at late times.
These theories have potential instabilities since the de-
terminant of the Jordan frame metric can become sin-
gular. Several authors [13, 14, 16] have observed nu-
merically that solutions tend to slow down to avoid this
and have dubbed this phenomena a natural resistance
to pathology. Using the techniques described above, we
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2will show that any singularity is only reached in an infi-
nite amount of time, thereby explaining this phenomena.
Whether or not this is a pathology of the theory has been
debated and here we will argue that whenever this sin-
gularity is present, the non-relativistic limit is not well
defined and one generally expects large fifth-forces and
time-variations in Newton’s constant as the singularity is
approached.
Since portions of this paper are technical, we state our
main results unambiguously below:
• The phase space is three-dimensional, in contrast
to the purely conformal case. In the general case,
there is one new dark energy dominated solution
(discussed in the next bullet point) and one retains
all of the solutions found in the purely conformal
case. The dark energy dominated points found also
in the conformal case do not screen linearly unless
the conformal factor is absent.
• There are parameter choices where the purely con-
formal fixed points are saddle points. In this case,
the system ultimately evolves towards a dark en-
ergy dominated solution where the determinant of
the Jordan frame metric is singular and there are
large unscreened fifth-forces.
• There is a special tuning in parameter space where
the dimension of the phase space is reduced to two.
In this case there is a new stable attractor where
one can reproduce the present dark energy density
parameter and equation of state by making an ap-
propriate choice for the model parameters. Unfor-
tunately, the metric singularity is approached along
this attractor and hence the model is not viable.
• The conclusions drawn here assume that the disfor-
mal coupling of the scalar to matter is universal. If
one were to relax this and only couple the scalar to
the dark sector (i.e. visible matter couples only to
the Einstein frame metric) then many of the solu-
tions claimed to be unviable here may be tenable.
This requires further investigation and we discuss
this in detail in the conclusions.
This paper is organised as follows: The theory is intro-
duced in section II where we discuss the local fifth-forces,
the metric singularity and the potential problems it en-
tails. Section III constitutes the main body of this work.
There it is shown that there are no stable dark energy
dominated solutions that simultaneously have zero local
scalar charge. Furthermore, we show that the singularity
in the Jordan frame metric is only reached in the infinite
future. In section IV we examine the special parame-
ter choices such that the phase space is two-dimensional
and find a new fixed point that can reproduce the ob-
served dark energy parameters but has a metric singu-
larity in the infinite future. We conclude in section V. A
brief introduction to dynamical systems including centre
manifold techniques is provided in Appendix A for the
unfamiliar reader.
II. DISFORMAL THEORIES OF GRAVITY
Disformal theories of gravity are described by the fol-
lowing action:
S = Mpl
2
∫
d4x
√−g
[
R
2
+X − V (φ)
]
+ Sm [g˜; Ψi] ,
(1)
where the various matter fields Ψi are coupled to the
Jordan frame metric
g˜µν = A
2(φ)
(
gµν +
B2(φ)
Λ2
∂µφ∂νφ
)
, (2)
and X ≡ −1/2∇µφ∇µφ. gµν is the Einstein frame met-
ric. A and B are known as the conformal and dis-
formal factors respectively and we define the following
quantities[36]
α(φ) ≡ d lnA(φ)
dφ
and γ(φ) ≡ d lnB(φ)
dφ
. (3)
Varying the action (1) with respect to φ, one finds the
equation of motion for the field
φ = V (φ), φ +Q, (4)
where
Q ≡ ∇µ
(
B2(φ)
Λ2
Tm
µν∇µφ
)
− α(φ)Tm − B(φ)
2
Λ2
[γ(φ) + α(φ)]Tm
µν∇µφ∇νφ. (5)
Here Tµνm = 2/
√−gδSm/δgµν is the energy-momentum
tensor for matter. Since the scalar is coupled directly to
matter, this is not conserved[37] and one instead has
∇µTmµν = −Q∇νφ. (6)
Contracting this with ∇νφ, one can algebraically solve
for∇µTµν∇νφ, which can be used to eliminate all deriva-
tives of the energy-momentum tensor in (5) so that (4)
becomes
3(
1− 2B
2X
Λ2
)
φ− 8piGB
2
Λ2
Tµνm ∇µ∇νφ = −8piαGTm − 8piG
B2
Λ2
(α− γ)Tµνm ∂µφ∂νφ+ χV (φ)φ. (7)
In practice, this equation is the more useful of the two
work with and here we will do so whenever possible.
The determinants of the two metrics are related by (see
[16], Appendix A)
√−g˜√−g = A
4
√
1− 2B
2X
Λ2
. (8)
Note that it is possible for the right hand side to become
zero so that the metric is singular, which is a potential
problem for the theory. Cosmologically, several authors
[13, 14, 16] have numerically found a natural resistance to
pathology in the solutions where the cosmological time-
evolution of the field slows down at late times and the
singularity is avoided. We will address this issue later
and show that certain models can evolve towards the
metric singularity but only in an infinite time, thereby
explaining the numerical observations of this pathology
resistance.
A. Local Behaviour and Pathologies
In [20], it was shown that when expanded around an
FRW background, the fifth-force arising in these theories
is
F5 = 2Q
2FN, (9)
where FN is the Newtonian force and the local scalar
charge Q is
Q ≡
α+ B
2
Λ2
(
φ¨∞ + φ˙2∞ [γ − α]
)
1− B2φ˙2∞Λ2
, (10)
where φ∞ is the cosmological (homogeneous) compo-
nent of the field and an over-dot denotes a derivative
with respect to coordinate time t in the Einstein frame.
For completeness, we briefly present the derivation of
this formula here. Using the Einstein frame coordinates
ds2 = −(1 + 2Φ) dt2 + (1− 2Ψ)δij dxi dxj we expand the
field equations about the cosmological background value
so that φ− φ∞(t) + ϕ(r, t) and ignore all terms that are
post-Newtonian[38]. With these assumptions, equation
(7) becomes
∇2ϕ = 8piQGρ. (11)
This is nothing but the Poisson equation with G→ 2QG
so that ϕ = 2QΦN, where ΦN is the Newtonian poten-
tial. Next, we need the fifth-force, which can be found as
follows. Defining the tensor
Kαµν ≡ Γ˜αµν − Γαµν , (12)
the geodesic equation can be written (note that mat-
ter moves on geodesics of g˜µν since this is the met-
ric that couples to matter) in terms of purely Einstein
frame quantities. In the non-relativistic limit one has
dx0/ dτ  dxi/dτ—τ is the proper-time in the Jordan
frame—so that
x¨i + Γi00 = −Ki00. (13)
In this form, one can use the familiar result Γi00 =
∂iΦN[39] to see that all of the effects of the fifth-force
are contained within Ki00. Using equation (2), one finds
that Ki00 = Q∂iϕ (see [20]) so that the fifth-force is given
by F5 = 2Q
2FN, where FN is the Newtonian force. The
theory then behaves as one with a time-varying gravita-
tional constant Geff = G(1 + 2Q
2) when φ˙∞  Λ (see
the discussion below).
In [20], we examined models where α(φ) = 0 and
argued that any model where the scalar potential has
a minimum can naturally screen fifth-forces because at
late-times, when the field is slowly-rolling, Q ≈ 0. In
this work, we wish to address the more general question:
can we find models with α 6= 0 where the scalar charge
is identically zero at late times and the universe is dark
energy dominated? In order to answer this, one must
use dynamical systems techniques since this allows one
to explore the entire solution space of the theory without
numerically solving each model with every possible set of
initial conditions.
One important question to address is whether solutions
that evolve towards a singularity in the infinite future
should be considered viable or not. In this subsection we
will argue that they should not, at least when the scalar
couples to the visible sector.
Note that the denominator in (10) is zero precisely
when the metric singularity occurs. The simplest inter-
pretation of this is that the fifth-force becomes infinite
whenever the numerator does not tend to zero at the
same rate. In this case one would denounce these mod-
els as unviable unless the numerator approaches zero.
Such a property can not be a generic feature of any given
model. We will see below that the phase space of cosmo-
logical solutions is three-dimensional and so the lack of
a multi-dimensional analogue of L’ Hoˆpital’s rule means
that the value of Q is not set by the properties of the
fixed point. Instead, its value depends on the trajectory
through phase space along which the point is approached.
For this reason, a solution where fifth-forces are screened
at late times using this method is only found using a spe-
cial tuning of both the model parameters and the initial
conditions.
The discussion above is predicated on the assumptions
that the non-relativistic limit derived in [20] is valid when
4Bφ˙∞ → Λ and that one can use the Einstein frame co-
ordinates to describe the physics of local observers. In
fact, when this is the case the non-relativistic limit is far
more subtle and may not even exist. To see this, con-
sider the case where A(φ) = B(φ) = 1[40]. If one chooses
coordinates {t, xi} such that the Einstein frame metric
is FRW, i.e. gµν = diag(−1, a2E(t), a2E(t), a2E(t)) and the
homogeneous component of the scalar is φ∞(t) then us-
ing equation (2) one finds that the line-element in the
Jordan frame is
ds˜ = −N 2 dt2 + a2E(t)δij dxi dxj , (14)
where the Jordan frame lapse is
N 2 ≡ 1− φ˙
2
∞
Λ2
. (15)
One can immediately see the Jordan frame manifestation
of the metric singularity: the lapse becomes zero. When
φ˙∞ ∼ Λ the proper time for stationary observers in the
Jordan frame is not given by t but rather by T , where
dT = N dt. (16)
Since it is the Jordan frame metric that couples directly
to matter, it is this metric that one must use to cal-
culate the observables in this theory. Indeed, the non-
relativistic limit was derived in [20] by transforming the
non-relativistic limit of the geodesic equation to the Ein-
stein frame in order to allow an interpretation of the new
effects as a fifth-force. This derivation assumes a locally-
inertial reference frame, which requires one to work with
T and not t. Thus, when φ˙∞  Λ this is perfectly valid
and equation (9) describes a fifth-force due to a field with
scalar charge
Q ≈ α+ B
2
Λ2
(
φ¨∞ + φ˙2∞ [γ − α]
)
. (17)
When the converse is true, the non-relativistic limit, if
it exists, must be found using T and not t. Defining a
non-relativistic limit in this limit is difficult because one
actually has two speeds in the problem: the speed of
light, clight = c, and the speed of tensor propagation in
the Jordan frame (see [41])
c2tensors = 1−
φ˙2∞
Λ2
. (18)
Note that one can instead interpret this as a varying
speed of light in the Einstein frame [42–44], although
one must be careful to interpret this speed correctly, es-
pecially when different species couple to different metrics.
It is not clear whether a consistent non-relativistic limit
exists when these differ greatly since one must choose a
small parameter in order to expand the equations. This
is typically v/c where v is a typical speed scale in the
problem but a priori one does not know whether this
should be v/clight, v/ctensors or some combination of the
two. Since the speed of tensors becomes very low when
φ˙∞ ∼ Λ one may worry that there is no non-relativistic
limit—or rather, that it is valid at speeds far smaller
than those present in the solar system—since one of the
speeds in the problem is very low. A full analysis of this
would require a complete self-consistent solution of the
field equations in the Jordan frame to determine which,
if any, approximations can be made. This is clearly well
beyond the scope of this work.
Other potential issues that arise when φ˙∞ ∼ Λ can be
seen examining the Jordan frame action, which contains
a term of the form (this can be found using the method
of [45]):
S ⊃
∫
d4x
√
−g˜ R
16piG
√
1− ∇˜µφ∇˜
µφ
Λ2
, (19)
where
∇˜µφ∇˜µφ = g˜µν∂µφ∂νφ. (20)
Using the coordinate system defined by (16), one finds:
dφ∞
dT
=
φ˙∞
N (21)
and
ds˜ = −dT 2 + a2J(T )δij dxi dxj , (22)
where the Jordan frame scale factor is aJ(T ) = aE(t(T )).
From this, one can see that the effective value of Newton’s
constant in the solar system is
GN(t) = G
√
1− φ˙
2∞
Λ2
[1 + f(∂iϕ)] , (23)
where φ = φ∞ + ϕ and f(∂iϕ) represents the effects of
the inhomogeneous component of the field sourced by
small-scale sources. One can see that theories where
φ˙∞ approaches Λ predict lower values of GN in the so-
lar system than would be inferred using the Friedmann
equation (this is similar to conformal theories where
GN = A
2(φ∞)G [46]). This behaviour is also seen in
other theories that include non-minimal couplings to cur-
vature tensors [47].
Finally, note that knowledge of the Einstein frame dy-
namics is not sufficient to determine the late-time dynam-
ics in the Jordan frame when the solution approaches the
metric singularity. To see this, note that
HJ =
HE
N and
1
aJ
d2aJ
dT 2
=
1
N 2
(
a¨E
aE
+HE
φ¨∞
Λ2
)
.
(24)
At late times, we expect HE → 0 but since N → 0 in the
same limit the behaviour of HJ cannot be determined
using dynamical systems methods[48]. As far as the ac-
celeration of the universe is concerned, one expects the
5Einstein frame Hubble parameter to approach zero at
late times and so an Einstein frame analysis is sufficient
to determine whether or not a¨J > 0, which is the true
criterion for acceleration[49].
It is for the reasons presented in this subsection that we
will consider models that approach the metric singularity
as unviable in this work. We will discuss possible caveats
and resolutions in the conclusions as well as possible fu-
ture directions one could pursue in order to address these
issues further.
B. Cosmology
From here on we will work exclusively in the Einstein
frame and we hence drop any subscripts on cosmological
quantities such as H and a. All quantities are given in
the Einstein frame unless explicitly stated otherwise. The
background cosmology (in coordinate time) is determined
by the Friedmann equations
3H2 = 8piGρm +
φ˙2∞
2
+ V (φ∞) (25)
H˙ = −4piGρm − φ˙
2
∞
2
(26)
coupled to the equation of motion for the scalar and the
matter density:
φ¨∞ + 3Hφ˙∞ + V (φ∞),φ = −Q0 and (27)
ρ˙m + 3Hρm = Q0φ˙∞ (28)
where
Q0 = 8piGρm
α+ B
2
Λ2
(
[γ − α] φ˙2∞ − 3Hφ˙∞ − V,φ
)
1 + B
2
Λ2
(
8piGρm − φ˙2∞
) ,
(29)
and ρ = −Tm with Tm the trace of the Einstein frame
energy-momentum tensor. Note that since the scalar is
non-minimally coupled to matter the energy-momentum
tensor is not covariantly conserved in this frame, which
leads to the modified continuity equation (28). We do not
include radiation or other particle species in this work
since we are interested in the late-time behaviour of the
system where all of these components are sub-dominant.
III. DYNAMICAL SYSTEMS ANALYSIS
A. Phase Space Construction
Dynamical systems have been used in cosmology (see
[34] and references therein) to examine the late time
behaviour of quintessence [31] and conformally coupled
dark energy [33]. Here, we will extend the formalism to
disformally coupled dark energy[50]. A brief introduc-
tion to the general techniques is given in Appendix A for
the unfamiliar reader. We begin by introducing the new
variables
x ≡ φ
′
∞√
6
, y ≡
√
V√
3H
,
λ ≡ −V,φ
V
, z ≡ BH
Λ
, (30)
where we have changed from coordinate time t to N ≡
ln a(t) and use a prime to denote derivatives with respect
to N . In order to focus on the simplest case, we take λ,
α and γ to be constant so that
V (φ) = m20e
−λφ, A(φ) = eαφ and B(φ) = eγφ,
(31)
where m0 is a mass scale associated with the scalar po-
tential. Note that this is the coupled dark energy model
of [33] extended to include an exponential disformal cou-
pling. Such a model has previously been studied by [16]
with α = 0 and so this is a generalisation of their model
to arbitrary conformal couplings. One should note that
whereas this model makes a specific choice for the func-
tional forms of the free functions, one can think of the
fixed points found using this system as instantaneous
fixed points for more complicated models[51]. Written
in these variables, the Friedmann-scalar field system can
be written in first-order autonomous form:
dx
dN
= −3x+ 3
2
x
(
1 + x2 − y2)+√3
2
y2λ
+
√
3
2
(
x2 + y2 − 1) (α+ 3z2 (2x2(γ − α)−√6x+ y2λ))
1 + 3 (1− 3x2 − y2) z2 , (32)
dy
dN
=
3
2
y
(
1 + x2 − y2)−√3
2
xyλ and (33)
dz
dN
=
√
6γxz − 3
2
z
(
x2 − y2 + 1) . (34)
6These are to be supplemented with the Friedmann con-
straint
x2 + y2 + Ωm = 1, (35)
where Ωm ≡ 8piGρm/3H2. This system is then three-
dimensional. In terms of the variables {φ, a(t),Ωm}
we have a first-order equation for Ωm and second-order
equations for φ and a(t) implying that we have a five-
dimensional phase space. One can see that there is a
symmetry of the solutions whereby we can rescale H and
the various other factors (B, V and φ˙∞) and leave the
equations invariant. For this reason, one can scale H
out of the problem and work with the five quantities
{x, y, z,Ωm, a}. Equation (35) is a constraint equation
and so we can use it to eliminate Ωm which reduces the
dimension of the phase space to four. Finally, the phase
space is reduced to three by the choice of time coordi-
nate N . Since the equations are time-translation invari-
ant in this coordinate, this allows us to remove all de-
pendence on a in the equations so that x, y and z are
the only dynamical degrees of freedom and thereby re-
ducing the dimension of the phase space to three. This
leaves us with three coupled first-order equations includ-
ing the constants {λ, α, γ}. This is to be contrasted with
the conformally coupled case where the phase space is
two-dimensional. This is because choosing λ and α to be
constant removes any dependence on φ in the equations
for x and y whereas B(φ) remains in Q0 even when γ
is constant. Note also that γ = 0 does not reduce the
dimensionality of the phase space because in this case z
depends on H, which cannot be eliminated in terms of x
and y only and so the case where B is constant is included
in this analysis. On the other hand, when γ = λ/2 we
have the relation
zy =
m0√
3Λ
(36)
and so one may eliminate z in terms of y or vice versa.
Therefore, γ = λ/2 is a special hyperplane in parameter
space[52] where the dimensionality of the phase space is
reduced to two[53]. This requires a separate analysis and
so we will first treat the general three-dimensional phase
space dynamics and return to this later.
Next, one can express some useful quantities in terms
of these variables:
Ωφ =
φ˙2∞
6H2
+
V (φ)
3H2
= x2 + y2, (37)
ωφ =
φ˙2∞ − 2V
φ˙2∞ + 2V
=
x2 − y2
x2 + y2
, (38)
D ≡ 2B
2X
Λ2
= 6x2z2 and (39)
Q =
α+ z2
[√
6x+ 6x2(γ − α) + 3
√
3
2x
(
y2 − x2 − 1)]
1− 6x2z2 .
(40)
Ωφ ∼ 1 corresponds to a dark energy dominated solution,
Q = 0 corresponds to the absence of any fifth-forces on
small scales and D = 1 signifies a singularity in the Jor-
dan frame metric (which is proportional to (1 −D)1/2).
The problem of finding dark energy dominated accelerat-
ing solutions where fifth-forces are absent is then reduced
to finding stable fixed points of the autonomous system
where Ωφ and ωφ are compatible with current dark en-
ergy observations and Q = 0. We treat solutions where
D = 1 as unviable for the reasons explained in section
II A.
B. Fixed Points
Before studying the new system (32)–(34), it is worth
recalling some useful properties of the equivalent system
when only a conformal coupling is present, which corre-
sponds to z = 0. This was studied by [33] (see also [34]).
There are two stable fixed points:
• Dark energy dominated fixed point: This has
Ωφ = 1 and ωφ = −1+λ2/3. It exists whenever λ <√
6 and is stable whenever λ < (
√
α2 + 12− α)/2.
• Variable fixed point: This may or may not give
dark energy domination depending on the choice
of parameters, although solutions which match the
current observations suffer from the lack of a matter
dominated era, at least when α and λ are constant
[54]. It is always stable but only exists when the
dark energy dominated solution is unstable and is
hence the only stable fixed point when λ >
√
6.
There is a critical value of α below which it is a
stable node and above which it is a stable spiral.
In the case of a purely conformal coupling, the phase
space is a semi-circle in the x–y plane (we do not consider
V (φ) < 0). Since z > 0 (B > 0 for stability reasons, see
[16]) the phase-space of the disformal system is an infinite
semi-circular prism restricted to the upper half of the z
plane (z > 0). This parametrisation could be problem-
atic because z can potentially reach ∞ and so there may
be fixed points at infinity. Indeed, this is the case but
we will analyse the fixed points of the system (32)–(34)
first in order to make contact with the purely conformal
case. Setting equations (32)–(34) equal to zero, we find
the fixed points given in table I. The cosmological rele-
vant parameters are given in table II. Points (1)–(5) are
the fixed points found by [33] for the purely conformal
case, they have z = 0 so that all disformal effects are
absent[55]. Note also that these points have Q = α and
hence lead to large unscreened fifth-forces on all scales
unless one tunes this to very small values. Since D = 0
at these points the Jordan frame metric is non-singular
at late times.
The new points are (6) and (7), which are both unvi-
able as cosmological solutions. These points behave as a
stiff fluid (ωφ = 1) and so cannot describe a dark energy
dominated universe. Furthermore, point (7) is unphysical
except for the special point γ =
√
3/2; when γ >
√
3/2
7one has Ωφ > 1 and the point lies outside the physical
state space. Even if this were not the case, they have
D = 1 signalling a metric singularity in the infinite fu-
ture and are unviable for the reasons discussed in section
II A.
Since the dimension of the phase space is increased
from the purely conformal case, the stability of the fixed
points is altered; there are now three eigenvalues instead
of two. In particular, whereas the purely conformal fixed
points ((1)–(5)) do not depend on γ, their stability does.
The eigenvalues, e1,2,3 for each fixed point are given in
Appendix B. One may check that there are choices of the
parameters α, γ and λ where none of these fixed points
are stable. Indeed, one may check that when α = 5, γ = 4
and λ = 6, all of the fixed points are either unstable or
saddle points. The trajectory in the x–y plane of solu-
tions with H0/Λ = 10
−2 and 10−3 and initial conditions
φ0 = −1 and φ′0 = 0 is shown in figure 1. Furthermore,
we show the evolution of (1−D) in figure 2. One can see
that in each case, the system spends a long time near the
saddle point before moving towards x = 0, y = 1. Along
this trajectory, (1−D) approaches zero so that the uni-
verse is tending to a state where the Jordan frame metric
is singular. Furthermore, one can see that this behaviour
is independent of the choice of Λ and one can check that it
is not affected by the initial conditions either. This sug-
gests that the system has a common late-time behaviour
not captured by the fixed-point analysis above. The next
subsection is devoted to understanding this.
FIG. 1. The trajectories in the x–y plane for α = 5, γ = 4
and λ = 6 with initial conditions φ0 = −1 and φ′0 = 0. The
red track corresponds to H0/Λ = 10
−2 and the blue track to
H0/Λ = 10
−3.
C. Fixed Points at Infinity
Numerically, one finds that a continued integration of
the system to later times pushes x closer to 0, y closer
to 1 and z to increasingly larger values. This suggests
that the behaviour may be due to fixed points at z =∞
and so we investigate these by compactifying the phase
FIG. 2. 1−D as a function of N for the models described in
figure 1. Recall that
√−g˜ = (1 − D)1/2√−g and so D = 1
represents a metric singularity of the Jordan frame metric.
space. Defining
Z ≡ z
z + 1
(41)
so that 0 ≤ Z ≤ 1 we can map the points at z = ∞ to
Z = 1 whilst z = 0 corresponds to Z = 0. The phase
space in these coordinates is then the finite semi-circular
prism. In these coordinates, the system is described by
the three first-order equations
dx
dN
= −3x+
√
3
2
λy2 +
3
2
x
(
x2 − y2 + 1)
+
√
3
2
(
x2 + y2 − 1) (6x2Z2(α− γ) + 3√6xZ2 − 3λy2Z2 − α(Z − 1)2)
Z2 (9x2 + 3y2 − 4) + 2Z − 1 , (42)
dy
dN
=
3
2
y
(
1 + x2 − y2)−√3
2
xyλ and (43)
dZ
dN
=
1
2
(Z − 1)Z
(
3x2 − 2
√
6γx− 3y2 + 3
)
. (44)
8Name x y z Existence
(1) −
√
2
3
α 0 0 α <
√
3/2
(2) −1 0 0 All
(3) 1 0 0 All
(4) λ√
6
√
1− λ2
6
0 λ <
√
6
(5)
√
3
2
α+λ
√
3+2α(α+λ)√
2(α+λ)
0 α > 3/λ− λ
(6)
√
2
3
γ −
√
2
3
γ2 − 1 0 1
3
√
2γ2 + γ
√
4γ2 − 6− 3
2
γ >
√
3/2
(7)
√
2
3
γ +
√
2
3
γ2 − 1 0 1
3
√
2γ2 − γ√4γ2 − 6− 3
2
γ =
√
3/2
TABLE I. The fixed points of the system (32)–(34) with γ 6= λ/2.
Name Q Ωφ ωφ D
(1) α 1 1 0
(2) α 1 1 0
(3) α 2α
2
3
1 0
(4) α 1 −1 + λ2
3
0
(5) α 3+α(α+λ)
(α+λ)2
−1 + 3
3+α(α+λ)
0
(6) − 1
3
(√−3 + 2γ2 −√2γ)2 1 1
(7) − 1
3
(√−3 + 2γ2 +√2γ)2 1 1
TABLE II. The cosmological quantities at the fixed points of the system (32)–(34) with γ 6= λ/2. Models with D = 1 do not
have a corresponding value of Q since it is not determined uniquely by the properties of the fixed point (see the discussion in
section II A.
In addition to the fixed points found above, one finds
the fixed points given in table III[56]. The cosmological
parameters at each point are shown in table IV. We have
omitted point (11) since this is discussed in detail in the
next section. The eigenvalues are listed in Appendix
A 2 but here we note that the eigenvalues for point (11)
are
e1 = −3, e2 = 0 and e3 = 0. (45)
1. Centre Manifold Analysis
The two zero eigenvalues indicate that a linear analysis
is not sufficient to determine the stability of the system
near this fixed point. In order to do this, one must per-
form a centre manifold analysis. This has been used in
cosmological systems previously (see [57] for a recent ap-
plication to m2φ2 potentials and references therein for
further examples) and we give a full account for the un-
familiar reader in Appendix A 2. For simplicity, we move
the point to the origin by making the change of variables:
Z = W + 1 and (46)
y = Y + 1. (47)
We will not give the new first-order system here but for
completeness it is given in Appendix C. This change of
variables does not change the eigenvalues but does change
the eigenvectors, which, in this basis, are
~e1 =
01
0
 , ~e2 =
00
1
 and ~e3 =
−√6λ1
0
 , (48)
where the first is an eigenvalue −3 vector and the final
two are zero-eigenvectors. As discussed in Appendix A,
perturbations about the fixed point will evolve according
to:  δxδY
δW
 = ~B1ee1t + ~B2ee2t + ~B3ee3t, (49)
where ~Bi are the eigenbasis of the matrix Mij defined
in (A3), which is found by expanding the equations to
linear order in small perturbations {δx, δY, δW}. One
can see that zero eigenvalues neither grow nor decay at
linear order, one must go to the next-to-leading order
to determine the dynamics. This means that for any
initial configuration sufficiently close to the fixed point,
the trajectory along the ~e1 direction will rapidly tend to
its fixed point value whereas the trajectory in the plane
described by ~e1,2—the centre manifold—will evolve on
a slower time-scale. The essence of the centre manifold
technique is to find the new variable along the ~e1 di-
rection and assume that its evolution equation is already
minimised. One can then solve this to obtain an algebraic
9Name x y Z Existence
(8) −1 0 1 All
(9) 0 0 1 All
(10) 1 0 1 All
(11) 0 1 1 All
(12) −
√
2(α−γ)2−9+√2α−√2γ
3
√
3
0 1 α− γ > 3√
2
(13)
√
2(α−γ)2−9−√2α+√2γ
3
√
3
0 1 α− γ > 3√
2
(14) λ√
6
√
1− λ2
6
1 λ <
√
6
(15)
√
6
2α−2γ+3λ
√
6
2α−2γ+3λ+2α−2γ+λ√
2α−2γ+3λ 1 2α− 2γ + 3λ > 0
(16)
√
4γ2−6+2γ√
6
0 1√
4γ2−6+2γ+1
γ >
√
2
3
(17)
2γ−
√
4γ2−6√
6
0
√
4γ2−6+2γ+1
4γ+7
γ >
√
2
3
TABLE III. The fixed points of the compactified system system (42)–(44). Fixed points with Z = 0 are not shown since they
are already present in table I. Similarly, fixed points (4) and (5) are not shown. We have listed the condition for the existence
of the fixed point but that is not to say that it lies inside the physical phase space; one should check with table IV to ensure
that the cosmological parameters, especially Ωφ, assume values inside the physical state space.
Name Q Ωφ ωφ D
(8) ±∞ 1 1 ∞
(9) α 0 0 ∞
(10) ±∞ 1 1 ∞
(12) ±∞ 1
27
(√
2(α− γ)2 − 9 +√2α−√2γ
)2
1 ∞
(13) ±∞ 1
27
(√
2(α− γ)2 − 9 +√2α−√2γ
)2
1 ∞
(14) ±∞ 1 −1 + λ2/3 ∞
(15) ±∞ 4α2−8αγ+8αλ+4γ2−8γλ+3λ2+12
(2α−2γ+3λ)2 − (2α−2γ+λ)(2α−2γ+3λ)4α2−8αγ+8αλ+4γ2−8γλ+3λ2+12 ∞
(16) − 1
6
(√
4γ2 − 6 + 2γ
)2
1 1
(17) − 1
6
(√
4γ2 − 6− 2γ
)2
1 1
TABLE IV. The cosmological quantities at the fixed points of the compactified system. Note that Q → ±∞ reflects the fact
that z →∞. The sign depends on the choice of γ, λ and α. Models with D = 1 do not have a corresponding value of Q since
it is not determined uniquely by the properties of the fixed point (see the discussion in section II A
expression for this variable in terms of those parametris-
ing the centre manifold. The equations for the other
two variables—the centre variables—then describe the
dynamics in the centre manifold at late times. One has
then reduced the dimension of the phase space to that of
the centre manifold. Writing xY
W
 = ∑
i
Ai~ei, (50)
one finds  xY
W
 =
−√6λ A3A1 +A3
A2
 , (51)
which can be inverted to giveA1A2
A3
 =
Y + λ√6xW
− λ√
6
x
 . (52)
Setting A′1 = 0 i.e. the variable along ~e1, one finds
dy
dx
= − λ√
6
. (53)
Therefore, at late times, when the system evolves towards
fixed point (11) the trajectory in the x–y plane is
y ≈ 1− λ√
6
x. (54)
In figure 3 we plot the same models as shown in figure 1
and overlay this line. One can see that the trajectories
indeed converge to this at late times once they have left
the saddle point.
Finally, one can examine the behaviour of the determi-
nant of the Jordan frame metric along this trajectory. We
begin with the equations for the centre variables, where
we have set A1 = 0, which follows from the values of x
and Y at the fixed point:
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FIG. 3. The x–y plane for the same models as figure 1 but
overlaid with the centre manifold prediction for the late-time
trajectories y = 1− λx/√6 (green dashed line).
dA2
dN
= −3A2(A2 + 1)A3
(
A3
(
λ2 − 6)+ 2λ(λ− 2γ))
2λ2
and (55)
dA3
dN
= −
λA3
(
6A3
λ2 +A3 + 2
) (
(A2 + 1)
(
2α+ (A2 + 1)
(
−α+ 18A3(2A3(α−γ)−λ)λ2 − 3(A3 + 1)2λ
))
− α
)
2(A2 + 1)
(
(A2 + 1)
(
A23
(
54
λ2 + 3
)
+ 6A3 − 1
)
+ 2
)− 2
− 3A
2
3
(
A3
(
λ2 − 6)+ 2λ2)
2λ2
− 3A3 − (A3 + 1)
2λ2
2
. (56)
One can then find the fixed points of this reduced phase
space. The only two physical fixed points are
A2 =
12(λ− 2γ)
24γ ± λ2 − 12λ± 6 and A3 =
2λ(2γ − λ)
λ2 − 6 .
(57)
In these coordinates, one has
D = 1− 36A
2
3(A2 + 1)
2
λ2A22
(58)
and one can verify that this is indeed zero at these fixed
points. Therefore, any trajectory in the x–y plane that
evolves towards this fixed point will evolve in such a way
that
√−g˜ → 0 but only in the infinite future. This is
the underlying reason for the pathology resistance dis-
cussed above[58]: the system will evolve towards a met-
ric singularity but only in the infinite future and there-
fore any trajectory must necessarily slow down as it is
approached. To date, this feature has been observed nu-
merically but no underlying reason has been discerned.
What we have shown here is that this is a generic feature
of models where the conformal fixed points are all un-
stable. As discussed in section II A, models that exhibit
this singularity are not viable since they suffer from large
fifth-forces and may not have a viable non-relativistic
limit and so we conclude that in the general case, the
only viable models are the disformal generalisations of
the two conformal fixed points ((4) and (5)). Therefore,
one requires either α  1 or that the visible sector is
coupled to the Einstein frame metric directly in order to
avoid fifth-forces. Furthermore, the late-time properties
of these models are identical to those of the equivalent
purely conformal theory, although the dynamics before
the fixed point is reached may be different.
IV. REDUCED PHASE SPACE
In this section, we examine the special parameter
choice γ = λ/2, which we argued above reduces the di-
mension of the phase space to two and therefore requires
a separate analysis. We can choose to eliminate either
z or y from the equations and we choose to eliminate z
in order to make contact with the purely conformal case.
Furthermore, z → ∞ corresponds to y → 0 and so this
substitution captures all of the new fixed points with-
out having to compactify further. Using equation (36)
in equations (32) and (33) we find the following two-
dimensional autonomous system for x and y:
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dx
dN
=
√
3
2
(
x2 + y2 − 1) (x2(2α− λ) +√6x− y2 (αΛ˜2 + λ))
3x2 −
(
Λ˜2 − 1
)
y2 − 1
+
3
2
x
(
x2 − y2 + 1)− 3x+√3
2
λy2, (59)
where the second equation is (33) and Λ˜ ≡ Λ/m0. The
fixed points which lie inside the physical phase space are
shown in table V and the cosmological quantities at these
points are shown in table VI. Note that one has a choice
of minimising either the x–y or x–z system. Either is fine,
but it is important to note that the redundant equation
acts as a constraint and should be identically zero at the
fixed points. When this is not the case the points are
unphysical and we do not include them. Points (18) and
(19) are points (4) and (5), although they have different
scalar charges and their stability is different; the inter-
esting point is (20). We list the eigenvalues in Appendix
B. The stability of point (18) is identical to the confor-
mal case but the stability of (19) is altered from both
the conformal case and the case where γ 6= λ/2. Further-
more, one can check that point (20) is stable over a large
range of parameter space and is often simultaneously sta-
ble when point (18) is. When point (18) does not exist,
it is often the case that point (19) is unstable and (20) is
the only stable attractor of the system.
Interestingly, this fixed point can match the current
observations of dark energy. To see this, consider as an
example the WMAP9 results [35], ω = −0.97, ΩDE =
0.704[59]. One finds that fixed point (20) can reproduce
this exactly by taking λ = 3.77953 and Λ˜ = 0.174519
with α arbitrary. As an example, consider the case
α = 2. In the purely conformal case the system would
evolve to the variable fixed point where Ωφ ≈ 0.436 and
ωφ ≈ −0.794, which are far from the WMAP values. In
figure 4 we plot the x–y plane for both the purely con-
formal case and the disformal case with the same initial
conditions. One can see that the disformal trajectory
converges to fixed point (20) whereas the purely confor-
mal case reaches fixed point (18) (or rather, the confor-
mal equivalent). To illustrate this further, we plot Ωφ
and ωφ in figures 5 and 6. It is interesting to note that,
unlike the purely conformal case where there is a lack of
a matter dominated era [54], the disformal system delays
the onset of the field rolling and allows for a period of
matter domination. This behaviour was also noted in
[20]. Finally, one can see that the fixed point has D = 1,
and so there is a singularity of
√−g˜ in the infinite fu-
ture. This fixed point is then unviable and we are left
with points (18) and (19), the disformal equivalent of
points (4) and (5). Even though the scalar charge dif-
fers from α, one still requires α  1 for these points to
be viable. If one tunes the model parameters such that
Λ˜2 = 2λ2/(6−λ2) so that the scalar charge at point (18)
is zero then one finds D = 1 so that the metric singular-
ity is present and the model is unviable. One is then left
with tuning α  1 or decoupling the scalar from visible
matter. Tuning the parameters so that the scalar charge
at point (19) vanishes sets D = α and we must again
tune α  1 in order to avoid the pathologies associated
with the metric singularity.
FIG. 4. The trajectories in the x–y plane for a purely con-
formal theory with α = 2 (blue) and a disformal theory with
γ = λ/2 (red). In each case the initial conditions are φ0 = −1
and φ′0 = 0. The parameters Λ, m0 and λ were chosen such
that the disformal attractor corresponds to a universe where
ωφ and Ωφ match the WMAP9 observations.
FIG. 5. Ωφ as a function of N for a purely conformal the-
ory with α = 2 (blue) and a disformal theory with γ = λ/2
(red). The parameters and initial conditions are as indicated
in figure 4’s caption.
V. DISCUSSION AND CONCLUSIONS
In this work we have studied the solution space of dis-
formal theories of gravity using dynamical systems tech-
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Name x y Existence
(18) λ√
6
√
1− λ2
6
λ <
√
6
(19)
√
3
2
α+λ
√
3+2α(α+λ)√
2(α+λ)
α > 3/λ− λ
(20)
λΛ˜2−
√
(λ2−6)Λ˜4+12Λ˜2√
6(Λ˜2−2)
√
6
((
λ2 − 3) Λ˜2 + λ√Λ˜2 ((λ2 − 6) Λ˜2 + 12)+ 6)−1/2 λ > √3
TABLE V. The fixed points of the system when γ = λ/2. Note that the existence indicates where the point exists; one may
find parameter choices where the point exists but lies outside the physical state space. Note that point (20) exists for all Λ˜
when λ >
√
3. When the converse is true one can find a narrow region in the Λ˜–λ plane where the point still exists. We will
not be interested in this region in this work.
Name Q Ωφ ωφ D
(18)
α(λ2(Λ˜2+2)−6Λ˜2)
(λ2−6)Λ˜2 1 −1 +
λ2
3
− 2λ2
(λ2−6)Λ˜2
(19) α− 6
Λ˜2(2α2+2αλ+3)
α(α+λ)+3
(α+λ)2
−1 + 3
3+α(α+λ)
6
Λ˜2(2α(α+λ)+3)
(20) − 3(Λ˜
2+2)
(λ2−3)Λ˜2+λ
√
(λ2−6)Λ˜4+12Λ˜2+6
1− 4
Λ˜2+2
1
TABLE VI. The cosmological quantities at the fixed points of the system when γ = λ/2. Models with D = 1 do not have a
corresponding value of Q since it is not determined uniquely by the properties of the fixed point (see the discussion in section
II A
FIG. 6. ωφ as a function of N for a purely conformal the-
ory with α = 2 (blue) and a disformal theory with γ = λ/2
(red). The parameters and initial conditions are as indicated
in figure 4’s caption.
niques. Our ultimate goal was to find stable dark en-
ergy dominated solutions where the local scalar charge is
zero at late times. The Jordan frame metric can become
singular, indicating a potential instability of the theory.
Several previous works have noted a natural resistance to
pathology where numerical solutions show that the field
slows down as the singularity is approached. Here, we
were able to explain this by showing that any singularity
is only reached in an infinite amount of time. Despite
this, we argued that models that exhibit this behaviour
are still unviable (at least when the scalar couples to the
visible sector) due to large unscreened fifth-forces and
that such a singularity may indicate the lack of an ap-
propriate non-relativistic limit.
We showed that, in the general case, the phase space
of the system is three-dimensional rather than the two-
dimensional phase space of the equivalent quintessence
and purely conformal theories. It was found that there
are no new viable fixed points of the system and further-
more there are parameter choices where the attractors
that are reached in the purely conformal case are now
saddle points. This is due to the increased dimension of
the phase space, which changes the characteristic polyno-
mial for the eigenvalues to a cubic equation rather than
a quadratic, yielding a third solution that can be posi-
tive. Numerically, we observed that when the parameters
assume these values, the trajectories spend a long time
near the saddle points before evolving towards a dark en-
ergy dominated fixed point. The Jordan frame becomes
singular along the approach to this fixed point and hence
these models are not viable. Two of the eigenvalues at
this fixed point are zero and so it was necessary to use
centre manifold techniques to discern the late-time be-
haviour.
We identified a tuning in parameter space, γ = λ/2,
where the dimension of the phase space is reduced to
two and therefore the dynamics are altered. There is a
fixed point—point (20)—of the reduced phase space not
present in the purely conformal system. This point is
a stable attractor and can match the presently observed
dark energy parameters by tuning λ and Λ˜ = Λ/m0. In
particular, by taking λ = 3.77953 and Λ˜ = 0.174519 we
were able to reproduce the WMAP9 density parameter
and equation of state. Unfortunately, this fixed point is
not viable since the Jordan frame metric becomes singu-
lar in the infinite future.
We therefore conclude that the only viable models of
disformal dark energy have late-time properties to the
equivalent models where the disformal coupling is absent.
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Furthermore, since these models are not stable over the
entire parameter space, the inclusion of a disformal factor
greatly reduces the choice of allowed model parameters.
When these models are not stable, the cosmological solu-
tions evolve towards fixed points where the Jordan frame
metric is singular and include all the pathologies associ-
ated with this. The inclusion of a disformal factor seems
to have little to say about dark energy and its inclusion
introduces further problems that require reducing the vi-
able parameter space to solve. With this in mind, it is
worth raising the question of whether it is worthwhile to
pursue these theories as dark energy candidates further.
In this work we have only considered theories where
all matter couples to the Jordan frame metric universally
but this does not necessarily have to be the case and, as
we have remarked above several times already, one could
alleviate some of the problems associated with the met-
ric singularity by coupling visible matter to the Einstein
frame metric. In this case, the issue of fifth-forces is moot
since objects in the solar system do not feel the fifth-force
and there is no ambiguity as to how the coordinate time
is related to the clock used by static observers. Further-
more, since the evolution of the universe in the matter
era is driven by dark matter and not baryons, some of
the fixed points considered unviable here may be viable
in these more general theories. Of particular interest is
fixed point (20), which can match the presently observed
dark energy density and equation of state by tuning only
two of the four free parameters (three if one counts the
γ = λ/2 tuning). Whether or not this scenario is viable
requires further investigation beyond the scope of this
work. Dark matter particles will see an effective value of
Newton’s constant given by (1 + 2Q2)G, which becomes
infinite as the fixed point is approached and so one ex-
pects to see novel effects in the cold dark matter power
spectrum and collapsed haloes. Another potential issue
is whether the apparent lack of a non-relativistic limit is
incompatible with the notion of non-relativistic cold dark
matter altogether.
Here we have taken the simplest model where γ, λ and
α are constants. The dynamics are altered when one al-
lows them to vary. One can then investigate the dynamics
of the new system, which may have a dimension larger
than three, or try to find models where the late-time
fixed points give the observed dark energy parameters.
In terms of our model, the choice γ = λ/2 was a parame-
ter tuning but for more general models one requires that
γ(φ) = λ(φ)/2 is reached dynamically. It remains to be
seen if one can contrive more general models where this is
achieved. One may also worry that quantum corrections
can spoil this tuning; this certainly merits investigation.
Only recently have the properties of disformal theories
been fully elucidated and, unlike more well-studied mod-
els, there is no canonical disformal paradigm. Indeed,
to date, a viable model that screens fifth-forces and can
account for all cosmological observations is still lacking.
What we have done here is to classify the possible cos-
mological solutions and identify a class of models—albeit
using a special tuning—that can reproduce the observed
dark energy parameters today. It is unlikely that this
solution is viable when the scalar couples to visible mat-
ter and so the study of models where the scalar couples
to dark matter only is certainly well-motivated. Future
studies must assess how well these models can fit probes
of the expansion history such as the supernova luminos-
ity distance as well as linear probes such as the CMB. It
would also be interesting to study the cosmology of more
realistic models that include components neglected here
such as radiation.
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Appendix A: Dynamical Systems
In this section we briefly review the aspects of dynam-
ical systems theory required to study the disformal sys-
tem.
1. Fixed Points and Stability
Consider a system described by n first-order ordinary
differential equations for n variables Xi as a function of
some “time” coordinate t and let a dot denote derivatives
with respect to this. If the system can be written in the
form
dXi
dt
= fi({Xj}), (A1)
then it is known as an autonomous system and one can
use dynamical systems techniques to classify the solu-
tions. The phase space of the system is the n-dimensional
space spanned by {Xj} and solutions of the system cor-
respond to trajectories in this space. A fixed point of the
system is one where fi = 0∀i. This is a set of n algebraic
equations that can be solved for the values of the fixed
points {Xcj }. If one tunes the variables to {Xcj } then the
system will not evolve but one is generally interested in
the behaviour of arbitrary trajectories. In particular, if
the fixed points are such that trajectories flow towards
them at late times then the final state of the system is
known independently of the initial conditions and so one
can make important inferences about the late-time be-
haviour of all solutions. In this case, the point is known
as an attractor. If the trajectories flow away from the
fixed point it is known as a repellor. Finding and clas-
sifying all of the fixed points of a system is tantamount
to understanding the behaviour of all possible solutions,
which is especially important if one lacks analytic solu-
tions. Cosmologically, one can calculate several impor-
tant quantities such as the density parameter and the
equation of state and so dynamical systems techniques
have become an important tool to assess the viability of
dark energy models.
One may determine the stability of the fixed points
as follows. Consider linearising the system about a fixed
point such that Xi = X
c
i +δXi. δXi satisfies the equation
˙δXi = MijδXi (A2)
where
Mij =
∂fi
∂Xj
, (A3)
and we have ignored second order contributions since δXi
is a small perturbation. This means that the stability
analysis holds for regions of phase space close enough
to the fixed points such that this linearisation is a good
approximation. Changing to the eigenbasis ~ei of M one
has (Aj are new variables parametrising the system in
the eigenbasis)
Xi =
∑
j
Aj(~ej)i (A4)
so that the equation for δAj is
˙δAj = ejδAj , (A5)
where ej is the eigenvalue associated with ~ej . One then
has δAj ∼ eejt and so the stability of the fixed point in
the direction ~ej is determined by ej . There are several
possibilities:
• ej is real and ej > 0 ∀j: Trajectories in the direc-
tion flow away from the fixed point and it is known
as an unstable node.
• ej is real and ej < 0 ∀j: Trajectories in the direc-
tion flow towards the fixed point and it is known
as an stable node.
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• ej is complex and <ej > 0 ∀j: Trajectories spiral
away from the fixed point. In this case the point is
known as an unstable spiral.
• ej is complex and <ej < 0 ∀j: Trajectories spiral
towards the fixed point; the point is known as a
stable spiral in this case.
• There are a mixture of eigenvalues with differing
signs for <ej . In this case there are some stable di-
rections and some unstable directions and the fixed
point is known as a saddle point.
At late times, trajectories in phase space flow away from
unstable nodes and towards stable nodes. The system
may spend prolonged periods of time near saddle points
but will ultimately evolve towards a stable node. We have
not discussed the case where the system contains one or
more zero eigenvalues. The simplest cosmological sys-
tems all have non-zero eigenvalues but, as we have seen
above, disformal theories contain a fixed point with two
zero directions and so here we must use more advanced
techniques. This is the subject of the next subsection.
2. Centre Manifolds
The centre manifold technique is used when the fixed
point has one or more zero eigenvalues. Here we give a
brief introduction and include only those aspects of the
technique relevant for the problems studied in the main
text.
Let us consider a fixed point described by n−p negative
(or negative real part) eigenvalues with corresponding
eigenvectors ~Ej and p zero eigenvalues with eigenvectors
~ej [62]. One may expand the variables in terms of the
eigenbasis such that
Xi =
n−p∑
j=1
Asj( ~Ej)i +
n∑
j=n−p+1
Acj(~ej)i, (A6)
where we label stable directions as Asj and zero eigen-
value or centre directions as Acj . The zero eigenvalues
indicate that a linear analysis is not sufficient to analyse
the stability in the directions of ~ej . This is a problem
with two time scales. Trajectories in the directions of ~Ej
will converge to the attractor swiftly but the behaviour
of the components in the directions of ~ej is unknown.
The centre manifold technique allows one to solve for
the late-time behaviour of Acj by working on time scales
such that Asj have converged to their trajectories along
the attractor. One then reduces the dimension of the
phase space from n to p and can formulate the system as
an autonomous one in the hope of being able to derive
the behaviour of Acj . This works as follows: the full n-
dimensional system can be described by the autonomous
system
dAsi
dt
= gi( ~A
s, ~Ac) i = 1, . . . , n− p and (A7)
dAci
dt
= hi( ~A
s, ~Ac) i = n− p+ 1, . . . , n. (A8)
Setting, gi = 0 gives n − p algebraic equations, which
allows one to solve for ~As( ~Ac) along trajectories at suf-
ficiently late times such that the attractor has been
reached in the ~Ej directions. The dynamics in the re-
duced, p-dimensional phase space are then described by
dAci
dt
= hi( ~A
s( ~Ac), ~Ac) i = n− p+ 1, . . . , n. (A9)
This represents a new Autonomous system that can be
investigated using the techniques of Appendix A to dis-
cern the late-time behaviour.
Appendix B: Eigenvalues at the Fixed Points
In this Appendix we list the eigenvalues for each fixed
point. Points (18)–(20) are those of the two-dimensional
phase space when γ = λ/2 and so there are only two
eigenvalues.
1. Eigenvalues
(1) e1 = α
2 − 3/2, e2 = −α(α+ 2γ)− 3/2, e3 = α(α+ λ) + 3/2
(2) e1 = 3−
√
6α, e2 = −
√
6γ − 3, e3 =
√
3/2λ+ 3
(3) e1 =
√
6α+ 3, e2 =
√
6γ − 3, e3 = 3−
√
3/2λ
(4) e1 = λ(γ − λ/2), 1/2(λ2 − 6), e3 = λ(α+ λ)− 3
(5) e1 = 3(2γ − λ)/2(α+ λ), e2 = −
√
3
√
−(α+λ)2(16α3λ+4α2(8λ2−15)+4αλ(4λ2−9)+21λ2−72)+3(α+λ)(2α+λ)
4(α+λ)2 ,
e3 =
√
3
√
−(α+λ)2(16α3λ+4α2(8λ2−15)+4αλ(4λ2−9)+21λ2−72)−3(α+λ)(2α+λ)
4(α+λ)2
(6) e1 = − 12
(√
4γ2 − 6− 2γ
)
(2γ − λ),
17
e2 =
1
2
(
3
(√
8α2−4α
(√
4γ2−6−4γ
)
+10γ2−4γ
√
4γ2−6−3
2γ
(√
4γ2−6+2γ
)
−3
− 3
)
−
(√
4γ2 − 6− 2γ
)
(2α+ 5γ)
)
,
e3 = − 12
((√
4γ2 − 6− 2γ
)
(2α+ 5γ) + 3
(√
8α2−4α
(√
4γ2−6−4γ
)
+10γ2−4γ
√
4γ2−6−3
2γ
(√
4γ2−6+2γ
)
−3
+ 3
))
(7) e1 =
1
2
(√
4γ2 − 6 + 2γ
)
(2γ − λ), e2 =
3
((√
4γ2−6−2γ
)
(2α−γ)+U1−9
)
4γ
(√
4γ2−6−2γ
)
+6
,
e3 = −3 U2
2
(
γ
(√
4γ2−6−2γ
)
+3
)3 + 3
(
2α(2γ2−3)
(√
4γ2−6−2γ
)
+4γ4−24γ2+3
√
4γ2−6γ−2
√
4γ2−6γ3+27
)
2
(
γ
(√
4γ2−6−2γ
)
+3
)2
(8) e1 =
√
6γ + 3, e2 = −
√
6α+
√
6γ + 6, e3 =
√
3
2λ+ 3
(9) e1 = 3/2, e2 = 3/2, e3 = 3/2
(10) e1 = 3−
√
6γ, e2 =
√
6α−√6γ + 6, e3 = 3−
√
3
2λ
(11) e1 = −3, e2 = 0, e3 = 0
(12) e1 =
1
9
((√
4(α− γ)2 − 18 + 2α− 2γ
)
(α− γ)− 18
)
, e2 =
1
9
(
(α+ 2γ)
(√
4(α− γ)2 − 18 + 2α− 2γ
)
+ 9
)
,
e3 =
1
18
((√
4(α− γ)2 − 18 + 2α− 2γ
)
(2α− 2γ + 3λ) + 18
)
(13) e1 =
1
9
((
−√4(α− γ)2 − 18 + 2α− 2γ) (α− γ)− 18), e2 = 19 (9− (α+ 2γ)(√4(α− γ)2 − 18− 2α+ 2γ)),
e3 =
1
18
(
18−
(√
4(α− γ)2 − 18− 2α+ 2γ
)
(2α− 2γ + 3λ)
)
(14) e1 =
1
2λ(λ− 2γ), e2 = 12
(
λ2 − 6), e3 = αλ− γλ+ 3λ22 − 3
(15) e1 =
3λ−6γ
2α−2γ+3λ ,
e2 = − 3(U3+(α−γ+λ)(λ(2α−2γ+3λ)−12)(2α−2γ+3λ)
5/2)
(2α−2γ+3λ)7/2(λ(2α−2γ+3λ)−12) , e3 =
3(U3−(α−γ+λ)(2α−2γ+3λ)5/2(λ(2α−2γ+3λ)−12))
(2α−2γ+3λ)7/2(λ(2α−2γ+3λ)−12)
(16) e1 =
1
2
(√
4γ2 − 6 + 2γ
)
(2γ − λ),
e2 =
1
2
((√
4γ2 − 6 + 2γ
)
(2α+ 5γ) + U3 − 9
)
, e3 =
1
2
((√
4γ2 − 6 + 2γ
)
(2α+ 5γ)− U3 − 9
)
(17) e1 = − 12
(√
4γ2 − 6− 2γ
)
(2γ − λ),
e2 =
1
2
((√
4γ2 − 6 + 2γ
)
(2α+ 5γ) + U4 − 9
)
, e3 =
1
2
((√
4γ2 − 6 + 2γ
)
(2α+ 5γ)− U4 − 9
)
(18) e1 =
1
2
(
λ2 − 6), e2 = λ(α+ λ)− 3
(19) e1 = − 6(2α
2λ+3α(λ2−4)+λ3)+
√
3U4+3Λ˜
2(2α+λ)(2α(α+λ)+3)−36λ
4(α+λ)(2(α+λ)(αΛ˜2+λ)+3(Λ˜2−4)) ,
e2 =
−6(2α2λ+3α(λ2−4)+λ3)+
√
3U4−3Λ˜2(2α+λ)(2α(α+λ)+3)+36λ
4(α+λ)(2(α+λ)(αΛ˜2+λ)+3(Λ˜2−4))
(20) e1 =
(Λ2−2)
(
Λ2(4αλ+5λ2−18)−Λ(4α+5λ)
√
(λ2−6)Λ2+12+36
)
−√2U6
4(Λ2−2) ,
e2 =
(Λ2−2)
(
Λ2(4αλ+5λ2−18)−Λ(4α+5λ)
√
(λ2−6)Λ2+12+36
)
+
√
2U6
4(Λ2−2)
where
U21 = 9− 8α2
(
2γ
(√
4γ2 − 6− 2γ
)
+ 3
)
− 4α
(
4
(√
4γ2 − 6− 2γ
)
γ2 + 3
√
4γ2 − 6
)
+ 8γ4 + 6γ2 − 6
√
4γ2 − 6γ − 4
√
4γ2 − 6γ3, (B1)
U22 = −
(
2γ2 − 3)3 (8α2 (4γ (4γ (γ (√4γ2 − 6− 2γ)+ 3)− 3√4γ2 − 6)− 9)
18
+4α
(
4γ
(
4
(
2γ
(√
4γ2 − 6− 2γ
)
+ 3
)
γ2 + 9
)
− 9
√
4γ2 − 6
)
− 64γ6 + 54γ2 + 32
√
4γ2 − 6γ5 + 24
√
4γ2 − 6γ3 + 27
)
(B2)
U23 = (2α− 2γ + 3λ)5
(
38λ3(α− γ) + λ2 (35(α− γ)2 − 12)+ 10λ ((α− γ)2 − 6) (α− γ)
−36 ((α− γ)2 + 1)+ 12λ4) (λ(2α− 2γ + 3λ)− 12), (B3)
U24 =
((√
4γ2 − 6 + 2γ
)
(2α+ 5γ)− 9
)2
− 8
(
α
(
4γ
(
γ
(√
4γ2 − 6 + 2γ
)
− 3
)
− 3
√
4γ2 − 6
)
+γ
(
2γ
(
4γ
(√
4γ2 − 6 + 2γ
)
− 15
)
− 9
√
4γ2 − 6
)
+ 9
)
, (B4)
U25 = −
(
Λ˜2(2α(α+ λ) + 3)
(
16α3λ+ 4α2
(
8λ2 − 15)+ 4αλ (4λ2 − 9)+ 21λ2 − 72)
−6 (20α3λ+ 8α2 (5λ2 − 9)+ 3α (7λ2 − 16)λ+ λ4 + 18λ2 − 72)) (2(α+ λ)(αΛ˜2 + λ)+ 3(Λ˜2 − 4)) and
(B5)
U26 = Λ
4
(
(4α+ 3λ)
(
4α
(
λ2 − 3)+ 3λ (λ2 − 5))+ 18)− 12Λ(4α+ 3λ)√(λ2 − 6) Λ2 + 12
− Λ3(4α+ 3λ) (4αλ+ 3λ2 − 6)√(λ2 − 6) Λ2 + 12 + 6Λ2((4α+ 3λ)(4α+ 5λ)− 12) + 72. (B6)
Appendix C: The x–Y –W System
Here, we present the autonomous system written using
the variables Y and W defined in (46) and (47):
dx
dN
=
√
6
(
x2 + Y (Y + 2)
) (
(W + 1)
(
2α+ (W + 1)
(−α+ 3x (2x(α− γ) +√6)− 3λ(Y + 1)2))− α)
2(W + 1) ((W + 1) (9x2 + 3(Y + 1)2 − 4) + 2)− 2
+
3
2
x
(
x2 − Y (Y + 2))− 3x+√6λ(Y + 1)2, (C1)
dY
dN
= −1
2
(Y + 1)
(
−3x2 +
√
6λx+ 3Y (Y + 2)
)
and (C2)
dW
dN
=
1
2
W (W + 1)
(
3x2 − 2
√
6γx− 3Y (Y + 2)
)
. (C3)
